Thermodynamics 4
Tutorial 2 — Power Cycles 1 (Solutions)

1) Back work ratio is the ratio of the compressor (or pump) work input to the turbine work

output. It is usually between 0.40 and 0.6 for gas turbine engines.

2) In gas turbine engines, a gas is compressed, and thus the compression work requirements

are very large since the steady-flow work is proportional to the specific volume.

3) Asaresult of turbine and compressor inefficiencies, (a) the back work ratio increases, and

(b) the thermal efficiency decreases.

4) Consider a simple Brayton cycle using air as the working fluid; it has a pressure ratio
of 12; has a maximum cycle temperature of 600°C; and operates the compressor inlet
at 100 kPa and 15°C. Which will have the greatest impact on the back work ratio: a
compressor isentropic efficiency of 80 percent or a turbine isentropic efficiency of 80

percent? Use constant specific heats at room temperature.

Assumptions

1. Steady operating conditions exist.

2. The air-standard assumptions are applicable.

3. Kinetic and potential energy changes are negligible.
4. Air is an ideal gas with constant specific heats.

Properties The properties of air at room temperature are ¢, = 1.005 k]J/kg - K and k =
1.4.

Analysis For the compression process,

288 KT
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(k=1)/k

P
Tys =Ty (P—Z) = (288 K)(12)*4/14 = 585.8 K
1
hoo —h c, (T, — T T,. —T.
ne = 2s 1:p(25 1) N T2=T1+ 2s 1
hy — hy Cp (T, = Ty) Nc
_ea s 585.8 — 288
B 0.80
=660.2 K

For the expansion process,

Py
Tys =Tz (P_3)

(k—1)/k 0.4/1.4

= (873K) (E) =429.2K

hy — hy _ cp (T3 —T,)
hs —hys (T5 — Tys)

l

nr = Ty =T5 —nr (T3 — Tys)

= 873 — (0.80)(873 — 429.2)
=518.0K

The isentropic and actual work of the compressor and turbine are
Weomp,s = ¢p(T2s — T1) = (1.005 K] /kg - K)(585.8 — 288)K = 299.3 k] /kg
Weomp = ¢p(T2 — T1) = (1.005 kK] /kg - K)(660.2 — 288)K = 374.1 k] /kg
Wrurp,s = ¢p(Ts — Tas) = (1.005 K] /kg - K)(873 — 429.2)K = 446.0 k] /kg

Wra = ¢p(Ts — Tp) = (1.005 k] /kg - K) (873 — 518.0)K = 356.8 k]/kg

The back work ratio for an 80% efficient compressor and an isentropic turbine case is

o Weomp _ 3741K/kg _ ) gaos
oW T Worwbs | 446.0 K] /kg :

The back work ratio for the 80% efficient turbine and isentropic compressor case is

Wcomp,s 299.3 kJ/kg
Thw = — = = 0.8387
bw = b 356.8K/ke

The two results are identical.
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5) A gas-turbine power plant operates on the simple Brayton cycle between the pressure
limits of 100 and 1600 kPa. The working fluid is air, which enters the compressor at
40°C at a rate of 850 m3/min and leaves the turbine at 650°C. Assuming a compressor
isentropic efficiency of 85 percent and a turbine isentropic efficiency of 88 percent,
determine (a) the net power output, (b) the back work ratio, and (¢) the thermal
efficiency. Use constant specific heats with ¢v = 0.821 kJ/kg'K, ¢p = 1.108 kJ/kg'K,
and k = 1.35.

A gas-turbine plant operates on the simple Brayton cycle. The net power output, the back

work ratio, and the thermal efficiency are to be determined.

Assumptions

1. The air-standard assumptions are applicable.
2. Kinetic and potential energy changes are negligible.
3. Airis an ideal gas with variable specific heats.

Properties The gas constant of air is R = 0.287 k] /kg - K (Table A-1). Other properties
of air are given as ¢, = 1.108 k] /kg. K, ¢, = 0.821 k] /kg. K, and k= 1.35.

Combustion
chamber

1.6 MPa

Compress. Turbine

100 kPa
40°C

923K +
3K+
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Analysis

(a) For the compression process,
_ P, 1600 kPa
=P T 100kPa

(k-1)/k

P
T,s =Ty (P—Z) = (313 K)(16)%3/13> = 642.3K
1
Ne = hZS - hl
" hy—hy
¢p(Tos — T1) T,s — Ty 642.3 — 313
=2 = - T, =T, + =313 +————— =700.4K
(T, —Ty) 2=t 0.85
For the expansion process,
p,\ (k—D/k 1 |0-35/1.35
4
T4-S = T3 (P_3) = T3 (E) = 0.4873T3

hy — hy _ cp(T3—T4)
hs — hyg Cp(T3 — Tys)

l

nr = Ty =T —nr (T3 — Tys)

923 =T; — (0.88)(T5; — 0.4873T3)
T; =1682K
The mass flow rate is determined from

A (100 kPa)(850/60 m3/s)
~ RT;  (0.287 kPa - m3/kg - K)(40 + 273 K)

= 15.77 kg/s

The net power output is
Wein = me, (T, — Tp) = (15.77 kg/s)(1.108 k] /kg - K)(700.4 — 313)K
= 6769 kW
We oue = mc,(T; — Ty) = (15.77 kg/s)(1.108 k] /kg - K)(1682 — 923)K
= 13,257 kW

Wiet = Wrout — Wein = 13,257 — 6769 = 6488 kW

(b) The back work ratio is
_ Weim  6769kW 0511
Y o 13257kW
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6)

(c) The rate of heat input and the thermal efficiency are
Qi = mc, (T3 — T;) = (15.77 kg/s)(0.821 k] /kg - K)(1682 — 700.4)K

= 17,147 kW

W,: 6488KkW

= = = 0.378 = 37.89
0, 17,47kW &

Nen =

A Brayton cycle with an ideal regenerator has inlet conditions of 290 K and 90 kPa.
The highest pressure and temperature are 1170 kPa and 1800 K, respectively.

Using the cold-air value for heat capacity C, = 1.004 kJ/kg-K, find the specific heat transfer

and the cycle efficiency.

y 4 Regenerator
AVAVAVAV <
1
— AN »| Combustion
4 2 chamber 3 4
Compressor Turbine
3
A A
T
2 x 3
X
4
2
/y
1 y 4 1
> >
\" S

Page 5 of 22 Thermodynamics 4 — Tutorial 2: Power Cycles 1 (Solutions)



P1=P;=90kPa, T1 =290 K
Pz ="P3=1170 kPa, T3 =1800 K

First: Want to find the work done in the compressor stage, assuming adiabatic

compression...

Assumingk =1.4...
k-1 (1.4-1)

P\ & 1170\ 14
TZ = T1 (P—) =290 x (W) = 603.5K
1

we = h, — hy = C,AT = 1.004 x (603.5 —290) = 314.74 K] /kg
Now we want to find the heat added in combustion...
qn = h3 —hy = Cp(T3 - Tx)

From the diagrams, we can tell that Tx = T4. Assume the expansion in the turbine is
adiabatic and reversible. Then:

k-1 (14-1)

T, =T, (2)* =1800x (2=) * =86497K

Hence...
qn = hg —hy, = C, (T3 — T)) = 1.004 X (1800 — 864.97) = 938.8 k] /kg
Where qn is the specific heat transfer requested.
In this case, turbine work wt = gh.
Net work = turbine work — compressor work

Efficiency = Net work/heat transfer into the system

~938.8 —-314.8

n= 9388 = 0.666
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7) A two-stage air compressor has an intercooler between the two stages as shown
below. The inlet state is 100 kPa, 290 K, and the final exit pressure is 1.6 MPa. Assume
that the constant-pressure intercooler cools the air to the inlet temperature so that 7;
= T3. It can be shown that the optimal pressure P for minimum total compressor

work is given by P2 = (P1P4)"? (you may assume this without the need for proof).

qout

1 Intercooler

Stage 1 Stage 2

Find the specific compressor work for both stages and the intercooler heat transfer that
would give optimal P-.

Pr=100kPa, 71 =290 K

Ps=1.6MPa,

1 1
From what is given... P, = (P;P,)z = (100 X 1600)z = 400 kPa for optimum

performance.
Finding the work done by the first compressor stage...
Wer = hy —hy = Cp(TZ -Ty)

We know everything aside from Tz For optimum performance, the compression

must be reversible and adiabatic, we can use...
k—1 1.4-1

T,=T (PZ)T = 290 X (40()) . 4309 K
27 1\p, B 100 e
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Then...
We = Cp(Tz —T;) = 1.004 x (430.9 — 290) = 141.5 K] /kg

Now need to find the heat transfter for the intercooler. Assume that the intercooler is

isobaric so that P2z = P3. We also know that T3 = T1.
Qcoot = —(hz — hy) = _Cp(T3 —T,) = Cp(TZ —Ty) = wy = 141.5K]/kg
Now to find work done by the second compressor stage...

Similarly, we need to find Ts as the stage 2 outlet using the reversible, adiabatic

expression...

k=1
P\ %
f=Ts (p—)
3

But here P3 = Pzand T3 = T1, which resultsin T4+ = T2 and T3 = T1.

Which means that wer = Qeool = wez = 141.5 K] /kg.
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8) A two-stage compressor in a gas turbine brings atmospheric air at 100 kPa, 17°C to
500 kPa, then cools it in an intercooler to 27°C at constant pressure. The second stage

brings the air to 2500 kPa. Assume both stages are adiabatic and reversible.

Find the combined specific work of the compressor stages. Compare that to the specific

work for the case of no intercooler (only one compression from 100 kPa to 2500 kPa)

P1 =100 kPa, T1 =290 K

P2z =500kPa

P;=P;, T3=300K

Pz =2500kPa

Conservation of energy for a control volume around the first compressor stage...
Wep = hy —hy = Cp(T, — Th)

Where, for an adiabatic, reversible process...

k-1 0.4

T—T(Pz)k —290x(500>1'4—45931<
27 1\p, B 100/ — 7

Therefore...
w.; = 1.004 x (459.3 — 290) = 169.97 k] /kg

For the second compressor stage, the process is the same just with different

numbers...

P\ % 2500\7
Wep = Cp(T4. - Tg), T, =T, (P—) = 300 X (m) = 175.8 k]/kg
3

Hence the total work we = wer + wez = 345.8 K] /kg.

Consider the case with only one compressor stage...
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100

And therefore, the work of a single stage would be...

Wistage = Cp(Ts — Ty) = 1.004 X (727.5 — 290) = 439 k] /kg

So we can see that using an intercooler and two stages requires less specific work

compared to using a single-stage compressor without an intercooler.

9) Show that dh = vdP for an adiabatic, reversible process.

See lecture notes...

10) Recalling that C, -

C, = R and that k = C,/C,, show that (kR)/(k-1) = Cp, where C, is

the specific heat capacity at constant pressure, C, is the specific heat capacity at

constant volume, & is the specific heat ratio, and R is the universal gas constant.

Rearrange to get...
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Cp
C=Co=R =k

C
P _
C— =R
C. = R kR
PSR
k
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11) Using the development for an intercooled compressor in the lecture slides,
demonstrate that for two consecutive turbines with reheating, the overall turbine
work is maximised when the pressure ratio across the turbines is identical, assuming
reheating to the high-pressure turbine inlet temperature in an isobaric steady flow

process.

Reheater
— 1\ NN
2 4
3
Turbine 1 Turbine 2

Starting with the work output of the high-pressure turbine...
W1 = mcp(Tl - T3)

For a reversible, adiabatic expansion in the turbine...
k—1
3

. P,
Wg = meT1 1-— (P_)
1

Similarly, for the low-pressure turbine...

k-1

P
Wiy = 1hCy(T5 — Ty) = mC,pTs | 1 — (P—‘*)
3

In reheating we assume that T1 = T3 and P3 = Px:...

Then the total work of the two turbines is:
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k-1 k-1
. P\ k Py k
Weotal = meTl 2 - (P_) - (P_>
1 2

For fixed inlet conditions of the high-pressure turbine and fixed exit pressure (T1, P1
and Pi are constant), the maximum work is found by setting the derivative of wt with

respect to Pz to zero so that:

thotal(PZ) =0

k-1 k-1 k-1
mC,T QLle@7j+PT3<d<KTj-—O
p 1| k-1 2 4 2 -

k=17 gp dp,
P1 % 2 2
St S P | 1 k-1 k—1 g4l
k k k kK _
P1 X X P2 + P4 X i X P2 =0
k-1 1 k-1
—_ J— —_ _2 —
P1 k Pz k — Rl. k P2 +k
k-1 _ E —2(1-= _ ﬂ
(P1P4)_T — Pz +k — A ( k) — P2 ( k )
PPy = Pz2
And hence...
P, _ P, _ Ps
P, P, P
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12) Assuming isobaric combustion and isentropic compression and expansion,
demonstrate that the thermal efficiencies of the standard and regenerative Brayton

cycles are:

1
Nen = 1- k—1
k-

£

Tl k-1

— k

Nth, regen = 1- T_rp
a

where 7, is the pressure ratio across the compression stage, k is the specific heat ratio of
the working fluid, 7; is the compressor inlet temperature and 7y is the turbine inlet

temperature.
See section 10.3 of Borgnakke and Sonntag (8th Ed.)

13) For a standard, ideal Brayton cycle, show that maximum work is achieved when 7>

= (T1T3)". Then show that this corresponds to a pressure ratio r, such that:

_k
(T3)2(k—1)
T, =|=
p T1

where T, T> and T3 are the temperatures of the compressor inlet, compressor outlet and
turbine inlet, respectively; 7, is the pressure ratio across the compression stage and £ is the

specific heat ratio of the working fluid.

Note: Start by writing the work output of the cycle as a function of 7> and then derive it

with respect to 7>.
First, write the net work of the cycle

Wnet = Wturbine — Weompressor = (hs —hy) — (hy — hy) = Cp (T3 =T, =T, + Ty)
Note that in7 we have shown that Tz/T1 = T3/T4...

T3Ty
Whet = Cp (T5 — T
2

—T,+T;)

Page 13 of 22 Thermodynamics 4 — Tutorial 2: Power Cycles 1 (Solutions)



Now derive with respect to Tx...

dW(TZ)—C 0—T,T ! 1+0)=0
dr, ~ P S T2 -

3T, = Tz2

1
T, = (T5T,)2

Now just substitute into the pressure ratio expression...

k k
k 1\ k-1 1\ k-1 k
o & _ (E)m _ (T3T1)§ _ (E)E _ (E)Z(k_l)
14 P1 T1 T1 T1 Tl

14) An intercooled gas turbine has ambient conditions of 1.013 bar, 15°C, compressor
isentropic efficiency 87%, turbine isentropic efficiency 90%, compressor stage ratio
6.6, constant air flow of 200 kg/s, firing temperature 1400°C, temperature after
intercooler 15 K above air inlet temperature, pressure drop in intercooler 0.15 bar,
pressure drop in combustor 1% of inlet pressure. Effective air properties are C, =

1.15 kJ/kg-K and k£ =1.333.
What are the compressor work, turbine work, combustor heat input and efficiency for:

a) The above configuration?

W = mC,AT
For isentropic compression...
T, k-1
AT =Ty — Ty, T—;zrpk

Therefore, the work in the first compressor is...

: . . T, ) k-1
Weomp1,s = me(TZS -T) = meTl (TS — 1) = meTl (Tp -1 )
1
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Now we just substitute into the equation to get the isentropic work of the first

CompI‘ESSOI‘Stage...
k
= 200-2
S
kj
C.=115—-L
P kgK
T, = 288 K
k = 1.333
T, = 6.6

Weomp1,s = 39.9 MW
Now to account for the isentropic efficiency of the compressor and calculate actual
work...
Weomprs 399

Wcompl = e = 087 =459 MW

For the second compressor stage...

T; =288+ 15=303K
p

k—1
Weompa,s = MCpTs <r ko— 1) = 42 MW

, 42
WcompZ = W == 4-82 MW

Now combining the two compressors...

Weomp = 45.9 + 48.2 = 94.1 MW

Page 15 of 22 Thermodynamics 4 — Tutorial 2: Power Cycles 1 (Solutions)



Now for the turbine... starting with the isentropic work of the turbine

Wr,s = MC,AT = mC,y(Tes — Ts)

k-1 k-1
T6,s k

__([%>_____ 1 Kk
Ts  \Ps \n
Where rp = 6.6 and Ps = P1 = Pambient = 1.013 bar. We also know that Ps =99 % P+ and

that P+ = rpPs. Hence...
Ps = 0-997}9 (P3) = 0-99rp (Py = APintercooter) = 0-99Tp (Tppl - APintercooler)

By substituting everything into the above expression...

Ps = 42.7 bar

Now finding the pressure ratio of the turbine...

P, 427
= =——=4216

"t = p T 1013

p

And the isentropic work of the turbine...

k-1 1.333-1

Wpo =G, Ts [ 1 (=) | =200% 1.15 x 109 x 1673 [ 1 = (- )
= —(— =200 x 1.15 x 103 x —[—=—
Ts = Mepls Tt (42.16)

= 233994.7 X 103 W = 234 MW

And accounting for the isentropic efficiency of the turbine to find actual turbine

work...
W, = 0.9 x 234 = 210 MW
Finally, calculating the heat transter for the combustor...

Qin = MCHAT

Need to find T4, the temperature at the outlet of the 274 compressor...
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Wcompz

T,=Ts+ =513 K

P
Therefore, the heat transfer into the combustor is...

Qin = mCy,(Ts — T,) = mC,(1673 — 513) = 266800 kW = 266.8 MW
And finally, finding the efficiency...

W, = Weomp 210 — 94.1

: = = 43,59
Oin 266.8 3:5%

77:

b) When a regenerator is added that heats the air to within 150 K of the maximum

possible value?

As in the previous case in a), the compressor and turbine powers are the same....
Weomp = 941 MW, W, = 210 MW

The maximum possible air temperature after the regenerator T7 is the turbine outlet

temperature Ts. So we need to find Ts...

T, =T —m—%ox
T me,

The regenerator heats up to within 150 K of the maximum possible value (Ts)...
T, =T¢ — 150 = 610K
Then we calculate Q;, = mC,(Ts — T,) = 200 x 1.15 x (1673 — 610) = 245 MW

This value is lower than the heat provided by the combustor in a), because some of

the heat is provided by the regenerator instead.

The new efficiency of the cycle is...

W, —Ww, 210 — 94.1
n=— = 47.3 %
Qin 245
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c) With a single-stage compressor with the same exit pressure and no regenerator?

For this case, we need to use a similar approach to the case in a), but there is only one

compressor stage, so the rp is changed...
T, = 6.6 = 43.6
Then the new Tzs is found using isentropic compression calculations...

k-1
Ty _ A2
T; p

k-1 1.333-1
Tps = Tyr,* =288 x43.6 1333 = 739.5K

Then calculate the new compressor work...
Weomp,s = MCy(Tos — Ty) = 200 X 1.15 x (739.5 — 288) = 103.8 MW
And to account for isentropic efficiency...

: Weomps 103.8
Weoms N 0.87 23 MW

Because the temperature of the compressor outlet is now much higher, the heat input

from the combustor must be re-calculated...

Need to find the non-isentropic temperature of the compressor outlet...

W 119.3
omP =288+ ——— =806.7K

T,=T
z=ht mc, 200 x 1.15

Qin = MCy(Ts — T,) = 200 X 1.15 X (1673 — 806.7) = 199.2 MW
And then the new efficiency of the cycle is...

Wy = Weomp 210 — 119.3
0, 1992

n= = 45.5%
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d) If the firing temperature of the gas turbine in ¢) is reduced to 1150°C?

Here, the work of the compressor is the same as in c), but we need to calculate the

new work of the turbine and the heat transter in the combustor...
W, = mC,AT = mC,y(Tes — Ts)
k-1 k-1
T6S_(P6)T_<1> K
Ts Py pt
P6 = Pl = ambient == 1.013 bar
Ps = 0.997,P; = 0.99 X 43.6 X 1.013 = 43.7 bar

_Ps_ 437 _
T p T 10137

Then the isentropic work of the turbine is...

k-1 1.333-1
114 nC,T- 1 )" 200 x 1.15 x 1423 1 ( - ) S
= —|— = x 1.15 X —(—=

ts = Mepls T 431

= 199.5 MW

And the actual work of the turbine is...
W, = W, x 0.9 = 199.5 x 0.9 = 179.6 MW

The new heat transfer in the combustor is...

Qin = mCy(Ts — T,) = 200 x 1.15 X (1423 — 806.7) = 141.7 MW
And finally, the new efficiency is...

W, — W, 179.6 — 119.3
n = t - comp = = 4‘26 %
Qin 141.7
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15) A large stationary Brayton cycle gas-turbine power plant delivers a power output of
100 MW to an electric generator. The minimum temperature in the cycle is 300 K,
and the exhaust temperature is 750 K. The minimum pressure in the cycle is 100 kPa,
and the compressor pressure ratio is 18:1. Calculate the power output of the turbine.
What fraction of the turbine output is required to drive the compressor? What is the

thermal efficiency of the cycle?

‘T 3

P
4
Turbine 2
P =100 kPa
| S
v P

This is an ideal Brayton cycle that has been covered in Thermo 2, and Tutorial 1 has several
examples. Using that knowledge, find the turbine and compressor’s specific work and the
net specific work generated by the cycle. Then, you can calculate the mass flow rate for

this cycle from the net power output and the net specific work as

_ Whee 10,000 kW
" Weee  580K)/kg

= 172.4kg/s

The power output of the turbine:

. _ kg k]
Wy = tawy = 172.4? * 966.6 e 166.64 MW

The fraction of the turbine output is required to drive the compressor:

K]
&_386.61(—g_04
wp k]

T 966'6k_g

Cycle efficiency:
_ Wnet  Wr—W¢ 580 kJ/kg

= — — o)
qu qu 1031.7 k] /kg 56.2%
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16) Repeat the previous problem, but assume the compressor has an isentropic efficiency

of 85% and the turbine has an isentropic efficiency of 88%.

A+ 3

Turbine

The original cycle was the reversible Brayton cycle, so this means:

Minimum T: T; =300 K
Exhaust T: T4s =750 K

Pressure ratio: P»/P; = 18

For compressor:

k-1
Ty =T;(P5/Py) k =300 K (18)>#%7 =685.1 K

wes = hy - hy = Cpo(T, - T) = 1.004 (685.1 - 300) = 386.6 ki/kg

= T, =T, +wJ/Cpy = 300 +454.82/1.004 = 753.0 K

For turbine:

k-1
Ty= T4 (Pallyd ¥ =TS0 K 18177 = 17127K

ws = hy — hy = Cpo(T3 — T4) = 1.004 kJ/kgK (1712.7 — 750) K = 966.6 ki/kg

= T, =T, - wp/Cpo = 1712.7 K - 850.6 ki/kg /1.004 kJ/kgK = 865.5 K
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Net cycle work and efficiency:

th = Wy /Wager = 100 000 KW /395.8 k/kg = 252.6 kg/s

W = mwy = 252.6 kg/s x 850.6 ki/kg = 214.9 MW
wc/wr = 454.82 / 850.6 = 0.535

q = Cpo(T5 - T,) = 1.004 kl/kg-K (1712.7 - 753.0) K = 963.5 kl/kg
NrH = WNeT/Qy = 395.8 / 963.5 = 0.41
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