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Conservation of MomentumConservation of MomentumConservation of MomentumConservation of MomentumConservation of MomentumConservation of Momentum

▶ Integral form of the conservation of momentum for a control volume V0 with surface S0

∫︂
V0

∂ρu
∂t

dV +

∫︂
S0

ρuu · n dS = −
∫︂
S0

pI · n dS +

∫︂
S0

τ · n dS +

∫︂
V0

ρf dV ,

where we defined:

T = −pI + τ

▶ In differential forms:
∂(ρu)
∂t

+∇ · (ρuu) = −∇p +∇ · τ + ρf

ρ
Dui

Dt
= −

∂p

∂xi
+

∂τij

∂xj
+ ρfi
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one for each of three orthogonal spatial directions denoted by a single free index. A second-
order tensor can be represented by nine components, one for each pair of directions and
denoted by two free indices. Nearly all the tensors considered in Newtonian fluid mechanics
are zero-, first-, or second-order tensors.

To better understand the structure of second-order tensors, consider the stress tensor T or
Tij. Its two free indices specify two directions; the first indicates the orientation of the surface
on which the stress is applied while the second indicates the component of the force per unit
area on that surface. In particular, the first (i) index of Tij denotes the direction of the surface
normal, and the second (j) index denotes the force component direction. This situation is
illustrated in Figure 2.4, which shows the normal and shear stresses on an infinitesimal
cube having surfaces parallel to the coordinate planes. The stresses are positive if they are
directed as shown in this figure. The sign convention is that, on a surface whose outward
normal points in the positive direction of a coordinate axis, the normal and shear stresses
are positive if they point in the positive directions of the other axes. For example, on the sur-
face ABCD, whose outward normal points in the positive x2 direction, the positive stresses
T21, T22, and T23 point in the x1, x2, and x3 directions, respectively. Normal stresses are pos-
itive if they are tensile and negative if they are compressive. On the opposite face EFGH the
stress components have the same value as on ABCD, but their directions are reversed. This is
because Figure 2.4 represents stresses at a point. The cube shown is intended to be vanish-
ingly small, so that the faces ABCD and EFGH are just opposite sides of a plane perpendic-
ular to the x2-axis. Thus, stresses on the opposite faces are equal and opposite, and satisfy
Newton’s third law.

A vector u is completely specified by the three components ui (where i ¼ 1, 2, 3) because
the components of u in any direction other than the original axes can be found from (2.8).
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FIGURE 2.4 Illustration of the stress field at a point via stress components on a cubic volume element. Here each
surface may experience one normal and two shear components of stress. The directions of positive normal and shear
stresses are shown.

2. CARTESIAN TENSORS56 ▶ T is stress tensor, which can be written as Tij in index form.

▶ First index of Tij is the direction of the normal to the surface on
which the stress is considered

▶ Second index of Tij indicates the direction in which the stress acts

▶ The diagonal elements T11, T22, and T33 of the stress matrix are
the normal stresses, and the off-diagonal elements are the
tangential or shear stresses

▶ For a volume that shrink to a point, using consideration about the
torque that the stress should impose, it is possible to show that the
stress tensor is symmetric:

Tij = Tji

therefore the stress tensor has only six independent components
(note: the symmetry is sometimes violated in specific
circumstances, for example for polarised molecules)

L8.3 Fluid Mechanics 4 — Antonio Attili — antonio.attili@ed.ac.uk

mailto:antonio.attili@ed.ac.uk


Constitutive equation for a Newtonian Fluid: Isotropic StressConstitutive equation for a Newtonian Fluid: Isotropic StressConstitutive equation for a Newtonian Fluid: Isotropic StressConstitutive equation for a Newtonian Fluid: Isotropic StressConstitutive equation for a Newtonian Fluid: Isotropic StressConstitutive equation for a Newtonian Fluid: Isotropic Stress

▶ The relationship between the stress and deformation in a continuum is called a constitutive equation
▶ Linear constitutive equation between stress Tij and ∂ui/∂xj is examined here
▶ A fluid that follows the simplest possible linear constitutive equation is known as a Newtonian fluid

▶ Isotropic stress
▶ In a fluid at rest, there are only normal components of stress on a surface, and the stress does not depend on the orientation

of the surface; the stress is isotropic.
▶ The only second-order isotropic tensor is the Kronecker delta, δij . Therefore, the stress in a static fluid must be of the form:

Tij = −pδij

where p is the thermodynamic pressure related to ρ and T (temperature) by an equation of state such as that for a perfect
gas p = ρRT
(note: The negative sign occurs because the normal components of T are regarded as positive if they indicate tension rather
than compression)
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▶ A moving fluid develops additional stress components, τij , because of viscosity

▶ These stress components appear as both diagonal and off-diagonal components

Tij = −pδij + τij

The fluid-dynamic contribution τij to the stress tensor is called the deviatoric stress tensor

▶ Since it must be invariant under Galilean transformations, τ cannot depend on the absolute fluid velocity so it must
depend on the velocity gradient tensor ∂ui/∂xj

▶ Stress can develop only for fluid elements that change shape, so we are interested only in the symmetric part of the
velocity gradient, the strain rate tensor Sij = 1/2(∂ui/∂xj + ∂uj/∂xi )

▶ Most general form:
τij = KijmnSmn

where Kijmn is a fourth-order tensor having 81 components

▶ However, this level of generality is unnecessary when the stress tensor is symmetric, and the fluid is isotropic, so
let’s simplify.
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▶ In an isotropic fluid, Kijmn must be isotropic, so it can be written as:

Kijmn = λδijδmn + µδimδjn + γδinδjm

where where λ, µ, and γ are scalars that in general depend on the local thermodynamic state.

▶ If we also require that τij is symmetric, then it must be

γ = µ

▶ So we can write
τij = 2µSij + λSmmδij

where Smm = ∇ · u is the volumetric strain rate.

▶ The complete stress tensor is then:
Tij = −pδij + 2µSij + λSmmδij

▶ µ is called the first coefficient of viscosity or shear viscosity (usually just called “viscosity”)
▶ λ is the second coefficient of viscosity
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▶ The two scalars µ and λ can also be related.

▶ Setting i = j and summing (note δii = 3), we have:

Tii = −3p + (2µ+ 3λ)Smm

▶ So we can express the pressure as:

p = −
1

3
Tii +

(︃
2

3
µ+ λ

)︃
∇ · u

▶ We can define a mean pressure (as opposed to thermodynamic pressure p):

p̄ ≡ −
1

3
Tii

and write:

p − p̄ =

(︃
2

3
µ+ λ

)︃
∇ · u

▶ For a completely incompressible fluid we can only define a mechanical or mean pressure, because there is no
equation of state to determine a thermodynamic pressure.

▶ The absolute pressure in an incompressible fluid is indeterminate, and only its gradients can be determined from
the equations of motion.
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▶ When Sii = ∇ · u = 0:
p = p̄

and
Tij = −pδij + 2µSij

where p can only be interpreted as the mean (mechanical) pressure experienced by the fluid.

▶ More in general, for compressible flows, introducing the so-called coefficient of bulk viscosity µv = λ+ 2µ/3:

Tij = −pδij + τij = −pδij + 2µ

(︃
Sij −

1

3
Smmδij

)︃
+ µvSmmδij .

▶ However, also for compressible flows, we often use the Stokes assumption:

µv = λ+ 2µ/3 = 0
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T =

⎛⎜⎜⎜⎝
−p + 2µ ∂u

∂x
+

(︁
µv − 2

3
µ
)︁
∇ · u µ

(︂
∂v
∂x

+ ∂u
∂y

)︂
µ
(︂

∂w
∂x

+ ∂u
∂z

)︂
µ
(︂

∂u
∂y

+ ∂v
∂x

)︂
−p + 2µ ∂v

∂y
+

(︁
µv − 2

3
µ
)︁
∇ · u µ

(︂
∂v
∂z

+ ∂w
∂y

)︂
µ
(︂

∂w
∂x

+ ∂u
∂z

)︂
µ
(︂

∂w
∂y

+ ∂v
∂z

)︂
−p + 2µ ∂w

∂z
+

(︁
µv − 2

3
µ
)︁
∇ · u

⎞⎟⎟⎟⎠
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▶ Substituting the stress tensor definition in the momentum equation:

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj +

∂

∂xi

[︃
µ

(︃
∂uj

∂xi
+

∂ui

∂xj

)︃
+

(︃
µv −

2

3
µ

)︃
∂um

∂xm
δij

]︃
This is the Navier-Stokes momentum equation

▶ If we use the Stokes assumption µv = λ+ 2µ/3 = 0, then:

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj +

∂

∂xi

[︃
µ

(︃
∂uj

∂xi
+

∂ui

∂xj

)︃
−

2

3
µ
∂um

∂xm
δij

]︃
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▶ With the following hypotheses:
▶ Continuum hypothesis
▶ Fields are regular enough (continuous, differentiable, ...)
▶ Newtonian fluid
▶ Stokes assumption

▶ Conservation of mass (continuity):
∂ρ

∂t
+

∂ρui

∂xi
= 0

▶ Conservation of Momentum (Navier-Stokes Equation):

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj +

∂

∂xi

[︃
µ

(︃
∂uj

∂xi
+

∂ui

∂xj

)︃
−

2

3
µ
∂um

∂xm
δij

]︃

▶ These are 4 equations with 5 unknowns (3 component of velocity, pressure, density). They must be completed with
additional equations, which can be different for different cases.
▶ Equation of state linking density and pressure, for example p = ρRT (where R is the gas constant and T the temperature).
▶ However, we introduced temperature now, so we need another equation for it, for example the equation of energy conservation.
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▶ For an incompressible flow with constant density, we have

▶ Mass equation

∇ · u =
∂um

∂xm
= 0

▶ Navier Stokes equation

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj +

∂

∂xi

[︃
µ

(︃
∂uj

∂xi
+

∂ui

∂xj

)︃]︃
▶ if the viscosity is assumed to be constant (no significant variation of temperature and composition):

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj + µ

∂2uj

∂xi∂xi

▶ 4 equations with 4 unknowns. They can be solved!
▶ Incompressible flows:

▶ Most liquid flows
▶ Gas flows with small Mach number Ma = U/c < 0.3
▶ Speed of sound c = 330m/s for air at ambient conditions

▶ This form of the NS equations will be used widely in the rest of the course.
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▶ Inviscid flows: viscous forces are neglected.

▶ Conservation of mass (continuity):

∂ρ

∂t
+

∂ρui

∂xi
= 0

▶ Conservation of Momentum (Euler Equation):

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj

▶ These are still 4 equations with 5 unknowns.

▶ Equation of state and energy equation usually included
to close the system.

Special cases of NS Eqns

Inviscid flows: viscous forces can be neglected

Continuity : 𝜕𝜌
𝜕𝑡

+ 𝜕 𝜌𝑢𝑖
𝜕𝑥𝑖

= 0

Navier-Stokes: 𝜌 𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝜌𝑔𝑖 −
𝜕𝑝
𝜕𝑥𝑖

(𝐸𝑢𝑙𝑒𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛)

9

• NS equation is simplified, but still have 4 
equations and 5 unknowns
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Special Cases of Navier-Stokes: Inviscid and IncompressibleSpecial Cases of Navier-Stokes: Inviscid and IncompressibleSpecial Cases of Navier-Stokes: Inviscid and IncompressibleSpecial Cases of Navier-Stokes: Inviscid and IncompressibleSpecial Cases of Navier-Stokes: Inviscid and IncompressibleSpecial Cases of Navier-Stokes: Inviscid and Incompressible

▶ Inviscid flows: viscous forces are neglected.

▶ Incompressible: constant density and zero divergence

▶ Conservation of mass (continuity):

∂um

∂xm
= 0

▶ Conservation of Momentum:

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj

▶ 4 equations with 4 unknowns. They can be solved!

Special cases of NS Eqns

Inviscid flows: viscous forces can be neglected

Continuity : 𝜕𝜌
𝜕𝑡

+ 𝜕 𝜌𝑢𝑖
𝜕𝑥𝑖

= 0

Navier-Stokes: 𝜌 𝜕𝑢𝑖
𝜕𝑡

+ 𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝜌𝑔𝑖 −
𝜕𝑝
𝜕𝑥𝑖

(𝐸𝑢𝑙𝑒𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛)

9

• NS equation is simplified, but still have 4 
equations and 5 unknowns
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Special Cases of Navier-Stokes: Incompressible and IrrotationalSpecial Cases of Navier-Stokes: Incompressible and IrrotationalSpecial Cases of Navier-Stokes: Incompressible and IrrotationalSpecial Cases of Navier-Stokes: Incompressible and IrrotationalSpecial Cases of Navier-Stokes: Incompressible and IrrotationalSpecial Cases of Navier-Stokes: Incompressible and Irrotational

▶ Incompressible: constant density and zero divergence

▶ Irrotational: no vorticity ω = ∇× u = 0

▶ Conservation of mass (continuity):

∂um

∂xm
= 0

▶ Conservation of Momentum:

ρ

(︃
∂uj

∂t
+ ui

∂uj

∂xi

)︃
= −

∂p

∂xj
+ ρfj

▶ 4 equations with 4 unknowns.
▶ Why are viscous terms removed?

▶ If fluid is moving without rotating, it will not rotate due to body or pressure forces. Development of rotation requires a shear
stress (i.e., angular deformation).

▶ Without viscous forces, fluid will not start rotating

▶ This will be the starting point to study potential flows.
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