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Reynolds experimentReynolds experimentReynolds experimentReynolds experimentReynolds experimentReynolds experiment

▶ In 1883 Osborne Reynolds performed a classical experiment on fluid flows.
▶ He noted that:

▶ At low velocities, the layer of dyed water kept its shape
▶ At higher velocities, the dyed layer broke apart and diffused through the rest of the water

Original paper by O. Reynolds: https://royalsocietypublishing.org/doi/10.1098/rspl.1883.0018
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Turbulent flowsTurbulent flowsTurbulent flowsTurbulent flowsTurbulent flowsTurbulent flows

Turbulence is the most common state of fluid flow.

It can be easily observed:

▶ Water in a river

▶ Smoke from a chimney

▶ Clouds

▶ Rocket plume

▶ Heart beats are due to turbulent blood flow

Cloud Plume Shinmoedake eruption (2011)
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Examples of Turbulent FlowsExamples of Turbulent FlowsExamples of Turbulent FlowsExamples of Turbulent FlowsExamples of Turbulent FlowsExamples of Turbulent Flows

Stratified TurbulenceJets Clouds

Wing section

Star formation

Mixing layer
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Turbulence is an open scientific problemTurbulence is an open scientific problemTurbulence is an open scientific problemTurbulence is an open scientific problemTurbulence is an open scientific problemTurbulence is an open scientific problem

▶ ”The last unsolved problem of classical physics” (Nobel laureate Richard Feynman).

▶ ”I am an old man; when I die and go to heaven, I’ll ask two things:
Why quantum mechanics? Why turbulence?
And about the former I am rather optimistic.”
(A quote by Sir Horace Lamb or maybe Werner Heisenberg or Albert Einstein)

2021 Nobel Prize in Physics: Giorgio Parisi
”for the discovery of the interplay of disorder and fluctuations in physical systems from
atomic to planetary scales”
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What is turbulence?What is turbulence?What is turbulence?What is turbulence?What is turbulence?What is turbulence?

Giving a precise definition of turbulence is difficult. We can list some of its characteristics:
▶ Irregularity or randomness. We must rely on statistics.
▶ Three-dimensionality. Even if two-dimensional turbulent flows exist (e.g., some meteorological flows in the

atmosphere), turbulence in unconfined and non-rotating configurations is 3D
▶ Diffusivity. Which causes rapid mixing and increased rate of momentum, heat, and mass transport.
▶ Rotational. Turbulence is characterised by intense vorticity fluctuations.
▶ Dissipation. Turbulent flows are highly dissipative and decay quickly if energy is not injected into the system.

High Reynolds number: Re = UL
ν
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Turbulence and scalesTurbulence and scalesTurbulence and scalesTurbulence and scalesTurbulence and scalesTurbulence and scales

Huge range of scales
• Large scales: size of the system
• Small scales:
• Small vortices (eddies): The smallest

lengthscale (Kolmogorov scale) decreases as
Re−3/4

• Boundary layer: The characteristic thick-
ness of the boundary layer decreases as
Re−0.85
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Transition to turbulenceTransition to turbulenceTransition to turbulenceTransition to turbulenceTransition to turbulenceTransition to turbulence

▶ Turbulence often originates from
transition

▶ A laminar flow becomes unstable
and three-dimensional

▶ Unsteady, chaotic, random
features develop in the flow

Boundary layer on a wing (view from the top)

Coaxial jets (plane section in the centreline)

Mixing layer (plane section)
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Transition vs SeparationTransition vs SeparationTransition vs SeparationTransition vs SeparationTransition vs SeparationTransition vs Separation

Separated flow over a wing Turbulent flow over a wing

Flow separation and flow transition are two different phenomena:

▶ Separation: Flow streamlines cannot follow the body geometry, usually due to curvature and/or adverse pressure
gradients.

▶ Laminar-to-turbulence transition: If the Reynolds number is high enough, a laminar flow can become unstable and
transition to turbulence.
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Mean and fluctuationsMean and fluctuationsMean and fluctuationsMean and fluctuationsMean and fluctuationsMean and fluctuations
Consider a turbulent flow experiment that is repeated a number of times (under the same conditions) and the velocity
u(x) is measured in the point x for each repetition n

u

Fluctuation u′

Mean ⟨u⟩ ▶ Turbulence is random: The velocity is different for
each repetition of the experiment.

▶ We need to use statistical quantities for turbulent
flows.

▶ Reynolds decomposition
velocity = mean + fluctuations: u = ⟨u⟩+ u′
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The random nature of turbulenceThe random nature of turbulenceThe random nature of turbulenceThe random nature of turbulenceThe random nature of turbulenceThe random nature of turbulence

u

Fluctuation u′

Mean ⟨u⟩

▶ Observation: The velocity is different for each
repetition of the experiment

▶ Question: Navier-Stokes equations are deterministic;
then, why are the solutions random?

▶ This is caused by two important aspects:
1. In any flow there are, unavoidably, perturbations in the

initial conditions, boundary conditions, etc.
2. Turbulence has an extreme sensitivity to these

perturbations.

We tried to specify the same set of conditions for each
repetition of the experiment, but this is actually impossible.

The temperature of the fluid, the vibrations of the
apparatus, etc., can be accurately controlled, but minor
variations will never be completely eliminated.
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Lorenz equations and deterministic chaosLorenz equations and deterministic chaosLorenz equations and deterministic chaosLorenz equations and deterministic chaosLorenz equations and deterministic chaosLorenz equations and deterministic chaos

Time dependent system with 3 state variables:

ẋ = σ(y − x)

ẏ = ρx − y − xz

ż = −βz + xy

This system was first obtained for free convection in a horizontal liquid
layer. The dynamic system also describes some other processes:

▶ Convection in a toroidal pipe

▶ Single-mode laser

Assuming σ = 10; β = 8/3; ρ = 28 for two cases with slighly different
initial conditions [x(0), y(0), z(0)]:

▶ case 1: [x(0), y(0), z(0)] = [0.1, 0.1, 0.1]

▶ case 2: [x(0), y(0), z(0)] = [0.100001, 0.1, 0.1]

x1(t) andx2(t) are initially the same, but by t ≈ 30 they become very
different.

Extreme sensitivity to initial conditions. The system state cannot be predicted beyond a certain point:

Deterministic chaos
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The random nature of TurbulenceThe random nature of TurbulenceThe random nature of TurbulenceThe random nature of TurbulenceThe random nature of TurbulenceThe random nature of Turbulence

Numerical experiment #1 Numerical experiment #2 Numerical experiment #3

▶ Three Direct Numerical Simulations (DNS) starting from slightly different initial conditions.

▶ The difference in initial conditions is of the order of 0.01%

▶ The three solutions are shown at the same time.

▶ The three fields have common features but are locally completely different.

Turbulence is random and chaotic
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Statistical description of turbulent flowsStatistical description of turbulent flowsStatistical description of turbulent flowsStatistical description of turbulent flowsStatistical description of turbulent flowsStatistical description of turbulent flows

For a laminar flow:

▶ We can use theory (Navier-Stokes equations) to calculate the velocity u at a certain point x and time t

▶ We can make an experiment and measure u at x and t

▶ From about a century of experience, we are quite confident that the computed and measured values of u will agree
and will be correct

The Navier-Stokes equations applies also to turbulent flows, however:

▶ Since u is random, its local and instantaneous value at x and t is inherently unpredictable

▶ All local and instantaneous values that we compute/measure are single realisations of a random phenomenon

▶ A theory can only aim to determine the probability of events

▶ We can determine statistical quantities (mean, variance, probability density, etc).
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Definition of averageDefinition of averageDefinition of averageDefinition of averageDefinition of averageDefinition of average

▶ Let consider a generic scalar function u(x , t) (e.g., one component of the velocity) which varies with the position x
and the time t.

▶ We perform a (numerical or physical) experiment to measure u and repeat the experiment N times to measure u
always at the same position and time.

▶ Each measured value is a realisation.

▶ A collection of realisations ui with i = 1, ...,N is an ensemble.

▶ The average value of the realisations is the ensemble average:

⟨u⟩ =
1

N

N∑︂
i=1

ui

▶ The ensemble average of an infinite number of realisations is the expectation:

E(u) = lim
N→∞

1

N

N∑︂
i=1

ui

▶ If N is sufficiently large, the ensemble average ⟨u⟩ is a good approximation of the expectation E(u)
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Fluctuations and statistical momentsFluctuations and statistical momentsFluctuations and statistical momentsFluctuations and statistical momentsFluctuations and statistical momentsFluctuations and statistical moments

u

Fluctuation u′

Mean ⟨u⟩

▶ We can define the fluctuation

u′(x, t) = u(x, t)− ⟨u⟩

▶ u′(x , t) and u(x , t) always varies with x and t while
⟨u⟩ might not.

▶ The average of the fluctuation is zero:

⟨u′⟩ = 0

▶ It is possible to define the m-order statistical moments of an ensemble:

⟨um⟩ =
1

N

N∑︂
i=1

ui
m ← Note that: m is an exponent, i is the index of the sum

▶ The central moment is the moment of the fluctuations: ⟨u′m⟩ =
1

N

N∑︂
i=1

u′mi
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Fluctuations and high order momentsFluctuations and high order momentsFluctuations and high order momentsFluctuations and high order momentsFluctuations and high order momentsFluctuations and high order moments

▶ The first central moment is the mean of the fluctuations and is zero: ⟨u′⟩ = 0

▶ The second central moment is the variance:⟨u′2⟩
▶ The third central moment is the skewness: ⟨u′3⟩
▶ The fourth central moment is the kurtosis: ⟨u′4⟩

▶ The square root of the second central moment (variance) is the standard deviation:

σ =
√︂
⟨u′2⟩ ← here there is the fluctuation

The square root of the second moment is the root mean square (rms):

uRMS =
√︂
⟨u2⟩ ← here there is the velocity
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Stationary flowsStationary flowsStationary flowsStationary flowsStationary flowsStationary flows

▶ The flow velocity u is always time dependent in a turbulent flow.

▶ However, the statistics of u (mean, variance, etc) might be independent of time: u is said to be stationary
(different from steady!)

▶ It is possible to compute the statistics (mean, variance, etc) from time averages.

▶ More precisely, the time average is an estimate of the ensemble average

⟨u⟩ =
1

N

N∑︂
i=1

ui =
1

∆t

∫︂ ∆t

0
udt

▶ Only one long experiment is needed instead of N experiments to compute the statistics
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Homogeneous flowsHomogeneous flowsHomogeneous flowsHomogeneous flowsHomogeneous flowsHomogeneous flows

▶ The flow velocity u is always space dependent in a turbulent flow.

▶ However, the statistics of u (mean, variance, etc) might be independent of space (one or more space directions): u
is said to be homogeneous in one or more directions (different from uniform!)

▶ It is possible to compute the statistics (mean, variance, etc) from spatial averages, for example in a volume if the
flow is homogeneous in all three directions:

⟨u⟩ =
1

N

N∑︂
i=1

ui =
1

V

∫︂
V
udV

▶ Again, only one experiment is needed instead of N experiments to compute the statistics
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Probability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDF

▶ In general, the statistics of a random variable u (the flow velocity in our case) are completely described by its
Probability Density Function (PDF)

▶ PDF f (v) of the velocity u: likelihood for the velocity u to have the value v in a certain point and time

▶ All the statistics of the velocity (mean, variance, etc) can be computed from the PDF

▶ For example, the mean is defined by:

⟨u⟩ =
∫︂ ∞

−∞
vf (v)dv

▶ While the variance is:

var(u) =
⟨︁
u′2

⟩︁
=

∫︂ ∞

−∞
(v − ⟨u⟩)2f (v)dv

▶ And similarly for all the other statistical quantities.
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Probability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDFProbability Density Function - PDF

▶ Let’s consider a list of measurements, e.g., the amount of rain (in mm) in Edinburgh in the last two weeks.

▶ We have 14 samples for our experiment.

Rain data Step 1: count how many time each value
occurred (histogram)

Step 2: normalise so that the area under the curve
is unity

L15.22 Fluid Mechanics 4 — Antonio Attili — antonio.attili@ed.ac.uk

mailto:antonio.attili@ed.ac.uk


Are these flows turbulent?Are these flows turbulent?Are these flows turbulent?Are these flows turbulent?Are these flows turbulent?Are these flows turbulent?
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