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Recap of definitions

» Stream function ¥ (x, y):

oy oy
u=—, and v=——.
dy Ix
> Velocity potential ¢(x,y):
¢ ¢
u=— and v= .
ox Jdy
P In planar polar coordinates:
10y oY
uy=-— and ug=——,
r 00 or
¢ 10¢
ur=— and ug=-—
or r 00

> Bernoulli equation in a potential flow:
1 1 1 1
pt ol =p+op(u? +v?) = p+ SpIVel® = p+ Spl Ve[ = const.
» The stream function and potential satisfy the equations:

V2 =0, and V2% =—Td(x—x")o(y —y'),
where ¢ is the Dirac delta-function, and (x’,y’) is the location of an ideal irrotational vortex of strength I

V=0, and V?¢=qsd(x—x)i(y —y),
where gs is a constant (with units of length?/time) that sets the strength of the singularity of the source.
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Solution of potential flows

> Since equations of potential and tream function are linear, any superposition of known solutions provides
another solution

» Thus, through collection and combination, a rich variety of interesting ideal-flow solutions has emerged.

Uniform flow Source flow Flow around half-bod)

T T Y I B Stagnation Point

— — — velocity potential
stream function

White (2011)
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Uniform flow

» Uniform fluid velocity with horizontal component U and vertical component V

v =—Vx+ Uy

¢ = Ux+ Vy

b1 ¢
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x
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Source and sink

A source or sink creates an outward or inward flow in the radial direction.

Let g be the volume flow rate emanating from/to the source/sink. Conservation of mass gives:

(27wr)vy =q or:

From the definition of the potential function in polar

coordinates:

o¢ 19¢
Vi=—; vpg=-—L
or r 06
% _ a. 108 _,
ar  2mr’ rog
¢ = %In(r)
Stream function gives:
10vy oY
Vi=-—; Vvg=-——
r 00 or
W _a. W_,
a0 2’ Or
q
=_—0
v 21

vg =0
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Free vortex

Streamlines are concentric circles with v, = 0 and vy varies with r. The potential and stream function in polar

coordinates for the free vortex are:

Vr y Vo

T or roo

Where T is referred to as the circulation. Thus,

o= %9 and ¢ = 7% In(r)

b3

_06_ 10y 196 _ 9% _
Troe - ar

r

2mr
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Source and sink at distance

Consider a source of strength Q located at (x,y) = (—Ax,0) and a sink with a strength of equal magnitude and
opposite sign placed at (x,y) = (Ax,0). By superimposition, we find

Ax)? + y? 2A
¢:an(7gii—A32I§2), wz_gtan_l( Xy )

47 2 x2 4+ y?2 — Ax?

stream function
— — — velocity potential
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Doublet

If the distance between the sink and the source approaches zero, we obtain a so-called doublet. The solution, after

Ax

superposition and limit to zero, under the condition that A\ = remains constant, is

AX Ay

¢:X2+y2’ w:_xz_i_yz’

where X\ is the doublet strength.

The derivation of the doublet can be found, for instance, in Kundu et 5
al..

It is important to consider the definition of the doublet strength. The

doublet is the result of the limit for Ax — 0 of a source and a sink with

equal and opposite strength Q, at a distance 2Ax. Therefore, to

achieve a finite value of A = %, which is a finite, positive, scalar

defining the doublet strength, Q must tend to infinity with the same

speed as Ax tends to 0.

In other words,
Ax -0, Q — oo,

and
QAXx = constant.
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