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Derivation of the Bernoulli Equation

Assumptions
» Inviscid flow: The fluid has no viscosity, so viscous forces are neglected.
» Incompressible flow: The fluid density p is constant.
> Steady flow: The velocity field does not change with time.
» Along a streamline: The motion is examined along s streamline

The general form of the Navier-Stokes equation for a Newtonian fluid is:

p(% +u~Vu) = -Vp+uViu+f
where:
» p is the density of the fluid,
P u is the velocity vector,
» pis the pressure,
» 1 is the dynamic viscosity,
>

f represents body forces like gravity.
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Simplifications for Bernoulli's Equation

1. Inviscid assumption: Neglect the viscous term 1V2u, so the Navier-Stokes equation becomes:

p(%-Fu-Vu) =—-Vp+f

2. Steady flow: The term % vanishes because the velocity does not change with time:

p(u-Vu)=—-Vp+f

3. Body forces: Assuming the body force is due to gravity f = pg, we can rewrite the equation as:

p(u-Vu)=—-Vp+pg
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Expressing the Convective Derivative

The term u - Vu can be rewritten using the vector identity:

where:
» 1% = u-uis the magnitude of the velocity squared,
> w =V X u is the vorticity of the flow.

Thus, the Navier-Stokes equation becomes:

2

2
p(V(%)—wxu):—Vp—&-pg or pV(%)—pru:—Vp—&-pg

» The term w X u is the cross product of the vorticity and the velocity. The vector w X u is perpendicular to both
vorticity w and velocity u.
> Along a streamline, the velocity vector u is tangential to the streamline by definition.

» The cross product w X u is a vector perpendicular to the streamline. Since we are considering variations along the
streamline, any component of the cross product perpendicular to the streamline does not affect the motion of the
fluid along the streamline.

In other words, along a streamline:

wXxu=0

. . _ . e . . THE UNIVERSITY
L11.5 Fluid Mechanics 4 — Antonio Attili — antonio.attili@ed.ac.uk of EDINBURGH


mailto:antonio.attili@ed.ac.uk

Simplifying the Equation

With the vorticity term vanishing along a streamline, the equation reduces to:

u2
PV (?) =—-Vp+pg

The gravitational body force pg can be written as the gradient of the potential energy per unit mass, g = —V®, where
& = gz (for gravitational potential in the vertical direction z):

2
pV (?> =—-Vp—pVe
This simplifies to:
2
v ('L +24 ¢) -0
2 p

Since the gradient of a scalar function being zero implies that the function is constant along a streamline, we integrate
this equation to obtain the Bernoulli equation:

u? P
? + — + gz = constant

The Bernoulli equation is a remarkable result: It is a simple algebraic equation (it is not a differential or integral
equation!!) that can provide information at different points of the flow.

i i i ili i il THE UNIVERSITY
L11.6 Fluid Mechanics 4 — Antonio Attili — antonio.attili@ed.ac.uk (V/H)}\Illllilil\!


mailto:antonio.attili@ed.ac.uk

Bernoulli Equation for Irrotational Flow

Assumptions

v

Inviscid flow: The fluid has no viscosity, so viscous forces are neglected.
» Incompressible flow: The fluid density p is constant.

» Steady flow: The velocity field does not change with time.

» Irrotational Flow: Vorticity is zero. w =V xu =0

> If V x u=0 then w X u =0 everywhere (not only along a streamline) so the Bernoulli equation:
v p
— + — + gz = constant
2 p
is valid everywhere and the constant is the same everywhere.
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Many “Classical” Wrong Explanations of Airfoil Lift

@ Incorrect Theory #1 Researeh

Center

Lit
Low Pressure
High Velocity
Upper Streamline
Longer Distance
Lower Streamline
High Pressure  Shorter Distance
Low Velocity
"Longer Path" or "Equal Transit" Theory
Top of airfoil is shaped to provide longer path than bottom.
Air molecules have farther togo over the top.
Air molecules must move faster over the top to meet molecules
at the trailing edge that have gone underneath.
From Bernoulli's equation, higher velocity produces lower
pressure on the top.
Difference in pressure produces lift.
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Incorrect Theory #2

Glenn Glenn
Research Incorrect Theory #3 Research
Center Center

Resulting Lift

Inflow
ﬁ ﬁ Outflow

"Skipping Stone" Theory

Lift is the result of simple action <-->reaction
as air molecules strike bottom of the airfoil
imparting momentum to the foil.

Free Stream

Inflow High Velocity - Low Pressure Outflow
> Ly
—_—

"Venturl" Theory

Upper surface of airfoil behaves like a Venturi nozzle
constricting the flow.

Through the constriction, flow speeds up
elocity fimes area equais a constant).

From Bernoulli's equation, high velocity gives low pressure.
Decreased pressure on upper surface produces lift.

» Bernoulli equation is often used in combination with wrong assumptions to try to explain certain aerodynamics

phenomena in a simple way.

» The application of Bernoulli equation is usually not wrong by itself, by it is applied by estimating some of the terms
in the equation in a questionable (if not wrong) way.
P> A famous example is shown in the left figure, using the “Longer Path” or "Equal Transit Time" theory
P Airfoils are shaped with the upper surface longer than the bottom. The air molecules have farther to travel over the top than
along the bottom in order to meet up at the trailing edge. Therefore, the molecules going over the top must travel faster than
the molecules moving under the wing. Because the upper flow is faster, then, from Bernoulli's equation, the pressure is lower.
The difference in pressure across the airfoil produces the lift.
P Yes, experiments show that the flow over the top of a lifting airfoil does travel faster than the flow beneath the airfoil. But the
flow is much faster than the speed required to have the molecules meet up at the trailing edge. Two molecules near each
other at the leading edge will not end up next to each other at the trailing edge.
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